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 Min
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∫ 1
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(u(t)− 2t)2dt + 12y(1)2,
y˙(t) = u(t); u(t) ≥ 0, t ∈ [0, 1]; y(0) = 34 .
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nc~
®yx|hjln°Ë³³©µ4~l¡ozxyz²|ncm
	


y˙(t) = Hp(u(t), y(t), p(t), t), t ∈ [0, 1], y(0) = 34 ,
p˙(t) = −Hy(u(t), y(t), p(t), t), t ∈ [0, 1], p(1) = y(1),
u(t) ∈ Argmin
v≥0
H(v, y(t), p(t), t), t ∈ [0, 1].
º² »
òËç0ßòôó
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/)ﬃﬂ01 
Ax
~E|h{{~l¡o~l~lOz¶|h
¹
n ?¡h~l¡näm#l|³l³ncc´|jln z²|r~{|³~³~+º} E»%mox
®5n#ncEl
¹

nc~E|³xµ4|²|hn~¾z 

Hu(u(t), y(t), p(t), t) + λ(t) = 0,
u(t) ≥ 0, λ(t) ≤ 0, λ(t)u(t) = 0.
ºI»
4æ~,|jnz²Onc 5  cznt°0®lncm2º} »J|jnhhncz5~{³~l¡ tmo³¶|h~l~
°Ël~|³~³z.¡
¹
n~,®yx
H(u, y, p, t) = 12 (u− 2t)2 + pu.
i.jyz°Ë.|jln}³~E|@z}|©|n
p(t)
µnä¡n|
−p˙(t) = 0, t ∈ [0, 1]; p(1) = y(1) = 34 +
∫ 1
0
u(t)dt.
ºGlQ»
v{n|²|h~¡
p0 := p(1) = p(t)
´
t ∈ [0, 1] ´{µ%n®{|h~,|j5©|4|jnä{|³m(~E|h^z.¡ ¹ nc~
®yx
u0(t) = max{2t− p0, 0} = [2t− p0]+, t ∈ [0, 1], ºG»
µ4jnhn
p0
z²
¹
ncz|jn ncE©|h~
p0 = y(1) =
3
4 +
∫ 1
0
[2t− p0]+dt, ºI »
µ4jznä~l³Eln z³{|³~,z4¡
¹
nc~
®yx
p0 = 1.
i.jnhn°Ëhn´E|hjln {|hm~E|he³z
u0(t) = [2t− 1]+ =
{
0
¶°
t ≤ 12 ,
2t− 1 ° t ≥ 12 .
ºINE»
i.jno~z²|³~E|t~Z|hjln~E|hjzä~l³x7~nr}l~51|³~3O³~||ä|hmon
τ0 = p0/2 = 1/2
·#i.jlz
}~1|h~3zhn¡³c´e³~Z|hjlnzn~zn\|j|
u˙0(t)
jz ,~l~6nc,³mo¶|µ4jn~
t ↓ 1/2 ·\p@|h³no|j|
~lnjz|hjlnhnczO~{³~l¡&m#l|³l³nc
λ0(t) = −[1− 2t]+ =
{
2t− 1 ° t ≤ 12 ,
0
°
t ≥ 12 .
µ4j³j zh©|z5nczz²|h1|¤molncmon~E|hx´J|hj©|¤zc´
λ0(t) < 0
µ4jn~
u0(t) = 0
´n±lnl|°Ë|hjln
}~1|h~
|hmon
τ0 = 1/2
·
Kt|jlzän±lmol³n|hjln#°Ëm&l©|³~Z°C|jn&³¡Eh¶|hjlmo³c³x,5nc~³76nc7l®l³nm³zc´^°Ëä¡
¹
nc~
ε > 0
´ 
 Min
1
2
∫ 1
0
[
(u(t)− 2t)2 − ε log(u(t))] dt + 12y(1)2,
y˙(t) = u(t), t ∈ [0, 1]; y(0) = 34 ,
ßß ÍYZQãâá
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µ4jnhn&| ³z³mol|³xZhncEl³hnc¾|hj©|
u(t) > 0
°Ë · n·
t ∈ [0, 1] ·\i.jlnhncz5~{³~l¡
}³~E|
z²|h|n4zh©|z5nczC¡³~
ºI{»1´~&µ%n4{nc~l|hn4®Ex
pε
¶|z­~z}|~E|
¹
³ln·)4{~¡r|ht|hjln4mo~m&lm
³~³l³n´y|hjln {|hm(~|hG´yµ4jlj,µ%n{nc~l|hn®Ex
uε(t)
´5zh©|h³z5ncz
uε(t) > 0; uε(t)− 2t + pε − ε/uε(t) = 0. ºG

»
pr|h³n
|hj©|®yx+~5³¡x µ4|j ºG»1´%µ%n~ﬂ³~E|h{{n~ |*5  m&l¶|h³n
¹
h®l³n¤®yx
zn||³~l¡
λε(t) = −ε/uε(t), ºG»
µ4j³j,³z@~ln¡E©|
¹
n~5,zh©|h³z5nQzJ|hjln°Ë³³©µ4~l¡oOn|lh®Onc,mol³nmonc~|hx¤~{|³~ 	
λε(t)uε(t) = −ε.
i.jnä~l³Elnz³{|h~
° ºI

»Jz4¡
¹
n~,®Ex
uε(t) = φε(2t− pε), ºI»
°Ë
φε(x) :=
1
2 (x +
√
x2 + 4ε) =


√
ε
¶°
x = 0,
[x]+ + ε/|x|+ O(ε2) ¶° x 6= 0.
ºI »
v{~n
φε(−x)φε(x) = ε ´{µn {nc{5n|j5©|
λε(t) = −ε/uε(t) = −φε(pε − 2t).
4ð|4hnm³~z%|om\{|nä|jn
¹
ln
pε
°|hjln }~E|4z}|©|hn·­qrz³~l¡¾ºG{»J~3ºG»´{µnt¡n|.|jln
°Ë³©µ4³~l¡&nQE©|h~¤°Ë
pε
	
pε =
3
4 +
∫ 1
0
φε(2t− pε)dt = 34 + 12 [Φε(2− pε)− Φε(−pε)] ,
ºI »
µ4jnhn
Φε
z4ol³mo¶|h
¹
n°
φε
´~mon³x
Φε(x) = Φ1,ε(x) + Φ2,ε(x).
ºM »
µ4jnhn
Φ1,ε(x) =
1
4x
2 + 14x
√
x2 + 4ε
ºM Q»
~
Φ2,ε(x) = ε log
(
x +
√
x2 + 4ε
)
.
ºG »
4æ~hlne|h@®{|³~@³zncä°Ëm °Ë
uε(t)
µ%n%z²jll 5~
pε
®yxäz
¹
~l¡&ºG E»1·0q@~{°Ë²|hl~©|hn³x´
|hjlz­|hh~zn~ln~E|%nQ5©|³~¤³zl5hn~E|³x\l J¶||\z²
¹
nr{³nQ1|³x· 4æ~z²|nQe´Eµnrµ4³emol{|n
~,z²xymo{|h|än±{~z²³~,°
pε
°Ë
ε
Ez²nä|h
0
·Ci(\|j³z4nc~e´lµn {n;5 ~ln
F (x, ε) =


x− 34 − 12Φε(2− x) + 12Φε(−x)
°
ε > 0,
x− 34 − 14 [2− x]2+ + 14 [−x]2+
°
ε = 0,
ºG  »
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µ4j³j|hl~5zr{|r|h®5nr}³~E|³x~E|³~yl5z@~Zz²moy|hj¾µ4¶|hj7nQz²Onc|r|h
x
~7~lnc¡jE®Ohjly{
°
(p0, 0) = (1, 0)
· ¬ n j
¹
nä|hj©|4°Ë4n
¹
ncx
ε ≥ 0 ´ pε zh©|z5ncz
F (pε, ε) = 0.
ºM (NE»
Ä ®5z²nc
¹
n¾|j|,µn=c~l~|¾ll³x | ºM (NE»o|hjln zhz²B4æmol³³¶| Kl~1|h~ i.jlnchnm®5nQz²n
(x, ε) → F (x, ε) ³z¤~l|
~E|³~yl5z²³x l P^nhn~E|®nZ| (p0, 0) = (1, 0) · 4æ~ °M1|Q´r|jll¡j
x → F (x, ε) z.³~{nnQz²moy|hj,l~ p0 = 1 ~
mohn ¹ nc
DxF (p0, 0) =
3
2 ,
ºG 

»
~\|jln4|jlncCj~´|jn@|llnh
¹
©|h
¹
n
DεF (p0, 0)
zC~l|­µ%ncln;5~lnQo®5nQz²n.µn4j
¹
n|hj©|
1
ε
[F (p0, ε)− F (p0, 0)] = 1
ε
F (p0, ε) =
1
2 log ε− 12 + O(ε).
ºM »
K

¹
nmo~l¡ |hjlz¤|hncjl~³ctl J¶|}x´rµnZµ4³lx Ł%h³hx $°&vync|³~ $| ºG E»1´
oncEl
¹
nc~E|³x´C|h ºG ﬃNy»1·9K0³hz²|c´%®yx
¹
³|ln°t|jln¾{nQm\Oz|³~ ºG E»ºG »°
Φε
´%µ%n,µ4|n
F (x, ε) = F1(x, ε) + F2(x, ε)
µ4jlncn
F1(x, ε) =


x− 34 − 12Φ1,ε(2− x) + 12Φ1,ε(−x)
°
ε > 0,
x− 34 − 14 [2− x]2+ + 14 [−x]2+
¶°
ε = 0,
ºG E»
~
F2(x, ε) =


− 12Φ2,ε(2− x) + 12Φ2,ε(−x)
°
ε > 0,
0
¶°
ε = 0.
ºG  »
A|j\°Ël~|³~z­n@~E|³~yl5zC~ozm\y|joµ4¶|hjnQz²Onc|C|
x
~~ln³¡jy®Ohjlyy&°
(p0, ε0) =
(1, 0)
·­vyn|²|³~l¡
A = DxF (1, 0)
~
Ai = DxFi(1, 0)
´
i = 1, 2
´yµ%n j
¹
n
A2 = 0, A = A1 =
3
2 .
ºG  »
v{~n
F1
³ztz²moy|hj ºË°Ë@µ4j5©|4°Ë³³©µ@z.¶|tz%JnQz
F1
°Czhz
C2
»4~¾o~ln³¡jy®Ohjly{¤°
(1, 0)
´
µn#j5
¹
n|hj©|oºNy»@jl³zr°Ë
F1
µ4¶|hj
c1(β) = c
′
1β
°Ëäzmon&llhlh©|n&~5z}|~E|
c′1
·Kl
F2
´
5z²³~l¡7º}©»~53ºG  E»´{|jn ®5nQz}|r~z²|h~|4z
c2(β) := sup
x,x′
|F2(x′, ε)− F2(x, ε)|
|x′ − x| ,
ºN»
µ4jnhn|jn\zllhnm&lm³zä
¹
nc
x 6= x′ ´e®O|j=~Z|jln\³~|hn ¹  [1 − β, 1 + β] · A{|ä°Ëä5Ez²| ¹ n y
~
z
µ%nj
¹
n
Φ2,ε(−y)− Φ2,ε(−z) := ε log −y +
√
y2 + 4ε
−z +√z2 + 4ε
= ε log
z +
√
z2 + 4ε
y +
√
y2 + 4ε
= O(ε|y − z|).
ºNQ»
ßß ÍYZQãâá
Q  Bﬂ!"B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i.jnhn°Ëhnµn&mx,|h(8n
c2(β) = c
′
2ε
~ 5~³³x´ez²³~n
ε
zäjzn~Zz|hj©|
ε ≤ β ´µn#®{|h~
|hj©|#ºNE»%jl³lz4°Ë
F
µ4|j
c(β) = (c′1 + c
′
2)β.
ºNE»
i.jnhn°Ëhn i.jlnncm  ~7Ł%hx¤olx· ¬ n mx,jlyzn
ρ0 = ε
´5~z~n |F (p0, ε)| =
O(ε log ε)
´(º»³mol³ncz
β = O(ε log ε)
·­i.jyz´{5z²³~l¡ZºG »%µn®{|³~¤|hjln°Ë³©µ4³~l¡ohnczl¶| 	
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pε = p0 −A−1F (p0, ε) + O
(
(ε log ε)2
)
= 1− 13ε log ε + 13ε + O(ε2) + O
(
(ε log ε)2
)
,
= 1− 13ε log ε + 13ε + O((ε log ε)2)
ºN »
i.jlz&³z|Z®On
monQ=µ4|j+|jln,z}|~lh$cznZºË°r7zm\y|j$On|lh®©|h~5» µ4jnhn|jln
n±{~z³~¤µ³
®5n °|hjln|}xy5n
p0 + dε + O(ε
2)
°Ë@~llhlh©|nä~z}|~E|
d
·
4nQ^|hj©|Q´l®yx
¹
|nä°ºG»~ ºG »´µ%nj
¹
nr°Ë
ε > 0
uε(t) = φε(2t− pε) =


√
ε
°
t = 12pε,
[2t− pε]+ + ε/|2t− pε|+ O(ε2) |hjlnhµ4³zn ,
ºN(NE»
µ4j³n
u0(t) = [2t− 1]+.
v{n|²|h~¡
tε =
1
2pε =
1
2 − 16ε log ε + O(ε),
|hjln~,°Ë@³
ε > 0
zm³en~ll¡j
|zh©|z²°Ëx
tε > t0 =
1
2
´{µ%n¡n|
uε(tε)− u0(tε) =
√
ε− (2tε − 1) =
√
ε + 13ε log ε + O(ε) = O(
√
ε).
v{~n °Ë
t 6= tε µnj ¹ n |uε(t)− u0(t)| ≤ O(ε log ε) ~l¶°Ëmo³x
µ4|j¾hnczOnc1|4|h t ´µn#{nQ{n
|hj©|
‖uε − u0‖L∞ = O(
√
ε).
Ä
~
|jn |jn4j~e´l|@³z.~|r{*Jl|4|
¹
nc°Ëx|hj©|
‖uε − u0‖L1 = O(ε log ε).
4æ~,°M1|c´
‖uε − u0‖L1 ≥
∫ 1
2
0
φε(2t− pε)dt = 12 [Φε(1− pε)− Φε(−pε)] = − 12ε log ε + O(ε).
òËç0ßòôó
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|jn |jn4j~
‖uε − u0‖L1 ≤
∫ 1
0
[φε(2t− pε)− [2t− pε]+]dt +
∫ 1
0
[[2t− 1]+ − [2t− pε]+]dt
= 12 [Φε(2− pε)− Φε(−pε)]− 14 (2− pε)2 + 14 − 14 (2− pε)2
= 12 [Φε(2− pε)− Φε(−pε)]− 14 − 13ε log ε + o(ε log ε).
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2 [Φε(2− pε)− Φε(−pε)] = pε − 34 = 14 − 13ε log ε + O(ε)
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‖uε − u0‖L1 ≤ − 23ε log ε + o(ε log ε).
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min
u
1
2
‖y(T )‖2 + 1
2
∫ T
0
‖u(t)− r(t)‖2dt
{
y˙(t) = Ay(t) + Bu(t), t ∈ [0, T ],
y(0) = y0,
u ∈ L2(0, T ; U),
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z@z²monä¡ ¹ n~
n°Ënhn~n~E|hI´ A ∈ Rn×n ´ B ∈ Rn×m ´~
U := Rm+ = {u ∈ Rm | u ≥ 0}.
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H(u, y, p, t) =
1
2
‖u− r(t)‖2 + p>(Ay + Bu),
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y˙(t) = Hp(u(t), y(t), p(t), t) = Ay(t) + Bu(t), t ∈ [0, T ],
p˙(t) = −Hy(u(t), y(t), p(t), t) = −A>p(t), t ∈ [0, T ],
y(0) = y0, p(T ) = y(T ),
u(t) ∈ Argmin
v∈Rm
+
H(v, y(t), p(t), t), t ∈ [0, T ],
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p(t) = e−tA
>
p(0) = e(T−t)A
>
p(T )
~
u0(t) = [r(t) −B>p(t)]+ = [r(t) −B>e(T−t)A
>
p(T )]+,
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p(T ) = y(T )
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uε(t) = φε(r(t) −B>pε(t)) = φε(r(t) −B>e(T−t)A
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pε(T ) = yε(T )
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= eTAy0 +
∫ T
0
e(T−s)ABuε(s)ds
ºN{»
= eTAy0 +
∫ T
0
e(T−s)ABφε(r(s) −B>e(T−s)A
>
pε(T ))ds.
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